
§ 3S ，SU(2)，SO(3)，Killing vector fields and spinning tops 

Physics and Mathematics 

Q is the group of unit quaternions。 
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1. 3S (2)SU  via Q。 3S 具標準的 SU(2)左不變量。 
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2. SO(3) as a Quotient of 3S  

 

This shows that SO(3) is not simply connected，its findamental group is 
2Z ，

means it has a double cover by 3S 。 

 

3. 2 3I S S   

4. , ,y z x z x yX z y Y z x Z y x                are Killing fields generate Lie 

algebra so(3)。 

The relationship between Killing vector fields and SO(3) arises in the study of 

symmetries of Riemannian manifolds，particularly in the context of rotational 



symmetries of 3-dimensional spaces。

 

These satisfy the Lie algebra comutation relations [ , ]i j ijk kX X X  where 
ijk  is 

the Levi-Civita symbol 

5. Spinning top  SO(3) 

 

3. Equations of Motion inSO(3) 

The motion of a spinning top is governed by Euler equation for a rigid body in its 

body frame： 
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Where  

1. 1 2 3( , , )     is the angular velocity in the body frame 

2. 
1 2 3, ,I I I  are the principal moments of inertia 

3. 1 2 3( , , )     is the external torque (e.g. due to gravity) 



4. When 0  ，the motion is purely free rotation 



 

 

7. Lie Group and Hamiltonian Formulation 

Since SO(3) is a Lie group，its dynamics can also be formulated using Lie-Poisson 

equations or in the Hamitonian framwork，where  

(1) The phase space is the cotangent bundle * (3)T SO ，describing the evolution of 

angular momentum and orientation 

(2) The Poisson bracket struture is related to the Lie algebrs (3)so    

For integrable cases (like Kovalevskaya top)，the system has enough conserved 

quantites to be solved exactly。 

 

Conclusion： 

1. The motion of a spinning top is naturally decribed by SO(3) rotations。 

2. Angular velocity lives in the Lie algebra so(3)，and the equations of motion 

describe its evolution。 

3. Different types of top motion (precession，nutation，free rotation)corresponds 

to different dynamics behaviors within SO(3)。 

4. The conservation laws and symmetries arise from the struture of SO(3)，leading 

to deep connections with physics and geometry。 


